Special Relativity Length Contraction

Derivation of the length contraction formula from the time dilation formula,
using the light path reflected of f mirror M,
which is of fset from the light source parallel to the direction of motion

(example has v = ¢ /2)
event 0: send light pulse
event 1: bounce at mirror M, (moving along x axis)
event 2: receive light pulse (also send next light pulse)
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mirror M| is ahead of event 0 in the direction of motion

S" moves at speed v in the + x direction relative to S

let At'be S' time from event 0 to event 2 = one S’ clock tick
let Ax| be S'(proper) distance from event 0 to My = c At'/2
let Ax be instantaneous S distance from event 0 to M|

let At be S time from event 0 to event 2 = one S clock tick
let Aty be S time from event 0 to event 1

let At,, be S time from event 1 to event 2

Sdistance from event 0 to event 1 = cAty, = Ax + vAty,
AX” = AtOl(c - U) At01 = AX”/(C — 17) Atlz = At — At()l

S distance from event 0 to event 2 = vAt = cAty; — cAty,
VAt = cAty, — c(At — Aty,) = 2cAty, — cAt

At(c +v) = 2cAty, = 2c¢Ax/(c —v)

Ax; = At(c +v)(c —v)/(2¢) = At(c? —v?) c/(2c¢?)

use time dilation formula: At = yAt'
Ax, = yAt'(c? —v?) c/(2c¢?)
=y(cAt'/2)(1 —v?/c?) = yAxy~? = Ax| [y

Generalize to any Ax'length moving relative to S:

y =1 = length contraction as seen by S frame:
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S length Ax is less than S’ length Ax'(by a factor of y in the direction of motion)
S sees S' rulers to be shorter than S rulers (by a factor of y in the direction of motion)



